Abstract. An existence and regularity result for a linear integro-differential inequality of parabolic type, connected with the problem of the American option pricing, is stated. The proof is based on the use of some estimates of Lewy-Stampacchia type for parabolic variational inequalities and a fixed point argument.
Introduction
The problem of finding explicit pricing formulas for European call and put options on stocks which do not pay dividends was solved by Black and Scholes in [3] . As for the American options, the problem can be formulated in the framework of optimal stopping time theory. Relying on the connection between optimal stopping and variational inequalities (see [1] and [2] ), Jaillet, Lamberton and Lapeyre stated in [9] that the price of the American option is the unique solution of a variational inequality of parabolic type. In their paper the price process is supposed to be a diffusion. In [10] Merton derived a model allowing for jumps in the pricing problem and proposed some tractable formulas for the price of European options. In this case the infinitesimal generator related to the process is given by a linear i ntegro-differential operator of parabolic type. In the one-dimensional case and referring to the elliptic part with constant coefficients, in [11] Zhang stated that the American option price in the mentioned Merton's jump diffusion model is the unique solution of a suitable linear integro-differential variational inequality. Moreover, some interesting numerical implementations are developed.
The aim of the present paper is to state an existence and regularity result for a variational inequality of the same kind as that considered in [11] . However, in our L. Mastroeni: Univ. di Roma "Tor Vergata", Dip. di Studi Econ.-Fin. e Metodi Quantitativi, Via di Tor Vergata, s.n.c. Roma M. Matzeu: Univ. di Roma "Tor Vergata", Dip. di Mat., Viale della Ric. Sc., Roma case, the dimension of the space is arbitrary and the elliptic part of the differential operator has variable coefficients. As in the other mentioned papers, the constraint in the variational inequality is represented by a single obstacle and the framework of the space variable is the whole space R'' (for other results about equations or weak solutions of variational inequalities see [2] ). In the case that R' is replaced by an open bounded subset and referring to two obstacles variational inequalities of the same type considered in the present paper, many interesting results are stated in [7] and [8) . Actually, in those papers, the elliptic part of the integro-differential operator can be even quasi-linear and the integral term is more general than the one we consider here (see, e.g., (1.3), (1.4), (1.8) of [8] ). (Inded the case considered in the present paper could be extended to more general ones, in particular we could assume that the measure ii appearing in the integral operator also depends on the time variable in a suitable way.) However, the techniques we use here are quite different from the ones used in [7] and [8] , where the proofs are based on Green representations for the solutions of the equations (see [6] ) and on penalization methods.
Indeed, in the particular case we are interested in, a simple argument can be carried on. More precisely, starting from some results about parabolic variational inequalities stated in [4] and [5] , we develop a fixed point argument.
First, thanks to the Lewy-Stampacchia inequalities, we are able to find a suitable ball in some Sobolev space Y which is stable under the map S : v -* Sv, where Sv is the "unique" solution of the parabolic variational inequality corresponding to the (fixed) value of the integral operator at v. Then, the solution is found as a fixed point of S, taking into account that S is shown to be weakly lower semicontinuous with respect to a suitable "graph-norm" with respect to the time derivative operator. The suitable regularity result for the solution u which allows to interpret u in the mentioned economical framework is derived by the use of the Lewy-Stampacchia inequalities and by some standard regularity results for parabolic equations (see [1] ).
The existence and uniqueness result
Let us consider the evolution variational inequality
Here the following notations are used:
• For a fixed z > 0, X, is the Hilbert space L2 (0, T; H,(R")) (T> . ,N) . The space X is equipped with the inner product
• X is the dual space of X,.
• (.' ),' is the pairing between X,. and X.
• is a fixed element in X such that the mapping I -0(t, x) is continuous in [O, T) for almost every x e RN.
. A is the differential operator given by
where
Then A is linear and continuous from X, into X and one has
, axj e -Alxl dxdt
0N
B is the integral operator defined as
where zi is a. positive Radon measure on RN such that fRN e I ' I dv(x) < +. Note that B is linear and continuous from X, 1
into itself and from L2 ([O, T]; L) into itself with = L 2 (R"; e I ' l dx). Let us put
By using some results about parabolic variational inequalities (see [ 4 ] and [51) and a fixed point method, we are able to prove the following for ally E X, (1) and let 0 satisfy the condition 
w?
' From now on the dependence on the variable (t,x) is understood.
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Conditions (1) and (2) 
Here the inequalitites and the "positive part" are to be intended in the sense of the order dual space X,*, of X.
In order to prove the statement about the existence in Theorem 1, it is sufficient, by definition of S, to state that there exists a fixed point of the map S from Y, into itself. Actually it is possible to show that S has the following properties: 
We claim that {ii,,} is bounded in Y,1 . Indeed, by the Lewy-Stampacchia inequalities ) and the positivity of the operator -A on the closed subspace Y14° of Y14 given by 
On the other hand, still (7), the boundedness of A and (8) yield
X"
Thus (8) and (9) liminf(_ 2 ,iZ) n_ z).
The same argument applied to the functional G defined, for any z E X, as
(G too is weakly lower semicontinuous and convex, thanks to the coerciveness of A) yields
Thus (6) 
Moreover, taking the second inequality in (16) into account 
The regularity results
The aim of this section is to give some regularity results for problem (VI). They allow to give an economical interpretation of the solution u at least in the case N 5. This interpretation was already proposed in [11] for the one-dimensional case under some weaker assumptions (the operator A was not supposed to be coercive and no constraint was made on B in dependence of A) as well as under some stronger assumptions (the coefficients of A were supposed to be constant).
A first "regularity" (in some sense) result can be obtained as a consequence of the method itself followed in order to construct the solution u to problem (VI). It is expressed by the following The other regularity results can be obtained as corollaries of Theorem 1, using the fact that Bu belongs to X and applying some general regularity results for parabolic equations (see [11) .
At this purpose, let us define, for m E NU {O} and q e [1, +oo) , the space as the Sobolev space of all functions v E L (RN, e l ' l dx) whose weak derivatives up to the order rn belong to L(Rl,e_MlnIdx), equipped with the norm 
for any pE [2,--oo) 
4.. An economical interpretation
Let us illustrate now an economical interpretation of the solution of problem (VI) in the one-dimensional case and in case that the coefficients of the operator A are constant.
Let us consider an American put option over a stock whose price is described by a stochastic process (S)>o given by the solution of the Cauchy problem
where y is the so called "spot price" at the time t = 0, where i(x) = (k -e r )+ . It is easy to check that P(t,x) = u(t, log x). That is, in order to evaluate the price P(t,x), it is sufficient to compute u. In [11] the author shows also that u coincides with the unique solution of the variational inequality of type (VI) related to the choices N = 1 and constant coefficients for the operator A. The results contained in the present paper unable us to give a suitable generalization of this economical interpretation to the case N < 5 and to variable coefficients of A. Indeed a main argument in the proof proposed by [11] is the fact that the exponent p appearing in (26) must satisfy p > . This relation is obviously satisfied for N = 1 (the Zhang case where p = 2 by definition of solution of problem (VI)) and N = 2 (in this case one can consider any p ^! 2, thus p> 1 = 1). Otherwise, if N > 3 one has to take p = 2* in (26) and condition p> is equivalent to that of N 5. A detailed exposition of these results will be given in a forthcoming paper.
